Generalizations of the AGT correspondence between 4D N = 2 SU (2) supersymmetric gauge theory on C 2 with Ω-deformation and 2D Liouville conformal field theory include a correspondence between 4D N = 2 SU (N ) supersymmetric gauge theories, N = 2, 3, . . ., on C 2 /Z n , n = 2, 3, . . ., with Ω-deformation and 2D conformal field theories with W para N,n (n-th parafermion W N ) symmetry and sl(n) N symmetry. In this work, we trivialize the factor with W para N,n symmetry in the 4D SU (N ) instanton partition functions on C 2 /Z n (by using specific choices of parameters and imposing specific conditions on the N -tuples of Young diagrams that label the states), and extract the 2D sl(n) N WZW conformal blocks, n = 2, 3, . . ., N = 1, 2, . . . .
Introduction
1.1. Algebras on the equivariant cohomology of instanton moduli spaces. In [1] , Alday, Gaiotto and Tachikawa conjectured a profound correspondence between SU(2) instanton partition functions in N = 2 supersymmetric gauge theories on C 2 , with Ω-deformation [2] , and Virasoro conformal blocks on the sphere and on the torus (see [3] for a proof 1 ).
Their conjecture was further generalized to correspondences between SU(N) instanton partition functions on C 2 and W N conformal blocks [7, 8] , SU(2) instanton partition functions on C 2 /Z 2 and N = 1 super-Virasoro conformal blocks [9, 10, 11, 12, 13, 14] , SU(2) instanton partition functions on C 2 /Z 4 and conformal blocks of S 3 parafermion algebra [15, 16] , etc.
In [17] , by considering N M5-branes compactified on C 2 /Z n with Ω-deformation, Nishioka and Tachikawa, following a proposal in [9] , suggested that N = 2 SU(N) supersymmetric gauge theories on C 2 /Z n are in correspondence with 2D CFTs with n-th parafermion W N symmetry, which we refer to as W para N,n , and affine sl(n) N symmetry. In [18] , it was proposed that the AGT correspondence for U(N) supersymmetric gauge theory on C 2 /Z n can be understood in terms of a 2D CFT based on the algebra A(N, n; p) = H ⊕ sl(n) N ⊕ sl(N) n ⊕ sl(N) p−N sl(N) n+p−N , (1.1) which acts on the equivariant cohomology of the moduli space of U(N) instantons on C 2 /Z n , n = 2, 3, . . . . Here, the first factor H ∼ = u(1) is the affine Heisenberg algebra, the second factor is 1 In the context of geometric representation theory, the AGT correspondence for pure SU (N ) supersymmetric gauge theory on C 2 was proved in [4, 5] (see [6] for a generalization to all simply-laced gauge groups). 1 the affine sl(n) level-N algebra, and the third (coset) factor is the W para N,n algebra, whose parameter p, which controls the central charge 2 , is related to the Ω-deformation parameters ǫ 1 , ǫ 2 by
The coset factor gives a Virasoro algebra when (N, n) = (2, 1), a W N algebra when (N, n) = (N, 1), an N = 1 super-W N algebra when (N, n) = (N, N), and an S 3 parafermion algebra when (N, n) = (2, 4).
1.2. Burge conditions. Let p ≥ N be a positive integer. For n = 1, the sl(n) N factor in the algebra A(N, n; p) is trivialised, while the coset (third) factor describes the W N (p, p + 1)-minimal model. In [19, 20] for (N, n) = (2, 1) and further in [21] for (N, 1), N = 3, 4, . . . , it was shown that to obtain minimal model conformal blocks from the SU(N) instanton partition functions on C 2
with Ω-deformation (1.2), we need to remove the non-physical poles, corresponding to W N minimal model null states, from the instanton partition functions. These non-physical poles emerge when the Coulomb and mass parameters of the gauge theory take special values labeled by integers r I , s I ,
The conditions that exclude the non-physical poles were shown to be (N-)Burge conditions (see [22, 23] for N = 2 and [24, 25, 26] Figure 1 . An example of a coloured Young diagram Y = Y σ with charge σ = 3, k = 15, in the case of (N, n) = (1, 5) . For = (2, 1), the arm length and the leg length defined in (2.17) are A Y ( ) = 3 and L Y ( ) = 2, respectively.
Young diagrams Y σ = (Y σ 1 1 , . . . , Y σ N N ) with k = N I=1 |Y σ I I | total number of boxes [30, 31] , where Y σ I I are charged by (2.3) . Let N σ and k σ be the number of Young diagrams with charge σ and the total number of boxes with colour σ, respectively. Then, A σ i δk i , σ = 1, . . . , n − 1, δk σ := k σ − k 0 , with k n = k 0 . Here, c 1 (T σ ) is the first Chern class of the vector bundle T σ on the ALE space with holonomy e 2πiσ/n , and A is the Cartan matrix of type A n−1 . Note that c 1 (T 0 ) = 0, and the instanton moduli space is labelled by the n − 1 integers c = (c 1 , . . . , c n−1 ). In the following, we refer to the conditions (2.6) as Chern conditions. The Chern conditions can be inverted for δk σ as,
2.2. Characters. Let P(σ; δk) be the sets of N tuples of coloured Young diagrams Y σ which have charges σ = (σ 1 , . . . , σ N ) and δk = (δk 1 , . . . , δk n−1 ) with c = (c 1 , . . . , c n−1 ) in (2.6) . We introduce a generating function, which is referred to as the character, that counts the number of torus fixed points of the U(N) instanton moduli space on C 2 /Z n , as Example 2.2 (N = 1, see [32, 33] ). For N = 1, the character (2.8) with a charge σ ∈ {0, 1, . . . , n− 1} and δk = (δk 1 , . . . , δk n−1 ) is
For example, for (N, n) = (1, 2), the characters are
Example 2.3 (N = 2, n = 2, see [14] ). For (N, n) = (2, 2), the characters (2.8) are
where χ NS (q) and χ R (q) are, respectively, the NS sector and Ramond sector characters in N = 1 super-Virasoro algebra
2.3. Instanton partition functions. To define instanton partition function, we introduce a fundamental building block, which is associated with U(N) × U(N) gauge symmetry, with coloured
Definition 2.4. Using the building block (2.15), the U(N) instanton partition function on C 2 /Z n with N fundamental and N anti-fundamental hypermultiplets, which is defined by an equivariant integration over the moduli space of instantons [2] (see also [29, 34, 35] ), is [16] (see also [31, 14] ),
where m = (m 1 , . . . , m N ) and m ′ = (m ′ 1 , . . . , m ′ N ) are the mass parameters, associated with U(N) 2 flavor symmetry, of N fundamental and N anti-fundamental hypermultiplets, respectively. The denominator, which is the contribution from the U(N) vector multiplet with Coulomb parameters a = (a 1 , . . . , a N ), is
The instanton partition function (2.20) depends on not only the integers c = (c 1 , . . . , c n−1 ), in the first Chern class, but also the boundary charges b = (b 1 , . . . , b N ) and b ′ = (b ′ 1 , . . . , b ′ N ), which take values in {0, 1, . . . , n − 1}, assigned to the empty Young diagrams.
3. 2D CFT for U(N) instantons on C 2 /Z n We recall various versions of the AGT correspondence, focusing on the algebra acting on the equivariant cohomology of the moduli space of U(N) instantons on C 2 /Z n , and on explicit parameter relations.
3.1. Algebra on the moduli space of instantons and 2D CFT. In [9, 18] , it has been proposed that the algebra
naturally acts on the equivariant cohomology of the moduli space of U(N) instantons on C 2 /Z n with Ω-deformation, where H ∼ = u(1) is the Heisenberg algebra. 5 The parameter p is identified with the Ω-deformation parameters ǫ 1 , ǫ 2 by the relation
This proposal implies that there exists a combined system of 2D CFTs, one with H ⊕ sl(n) N symmetry and the other with W para N,n symmetry, corresponding to 4D N = 2 U(N) supersymmetric gauge theory on C 2 /Z n with Ω-deformation [17] . The central charges of these CFTs are
In (3.1), the first and second factors are realized by the sl(n) N WZW model with an additional u(1) symmetry, and the third (coset) factor is realized by a W para N,n
where p is taken to be a positive integer with p ≥ N. for I = 1, . . . , N − 1, and satisfy the defining conditions (α I , Λ J ) = δ I,J and (e 0 , Λ I ) = 0. 5 The first works on this subject, in the absence of an Ω-deformation, are by Nakajima [36, 37] . 6 While the W para N,n (p, p + n)-minimal models are in general not well-understood except in special cases, see [38] and references therein, in this work, we only need to assume that they exist.
3.2.1. Parameter relations. We now provide the relations between the parameters of the instanton partition function (2.20) for N ≥ 2 and those of the conformal blocks of the 4-point function on P 1 of primary fields ψ µ r with momenta µ r , r = 1, 2, 3, 4 (see Remark 3.2),
in the W para N,n CFT described by the coset factor in (3.1) . We propose that the mass parameters m and m ′ in (2.20) are related to the external momenta µ r of the four primary fields by
is the Weyl vector. We consider this as a generalisation of the n = 1 case in [1, 7, 8, 39, 40] to positive integer n. By writing µ 2 = µ 2 Λ N −1 , µ 3 = µ 3 Λ 1 , and µ r = N −1 I=1 µ r,I Λ I for r = 1, 4, the relations (3.6) are equivalent to
Note that the momenta µ 2 and µ 3 of two of the primary fields are taken to be proportional to Λ 1 or Λ N −1 , i.e. W-null, which ensures the matching of the number of free parameters {m I , m ′ I } I=1,...,N and {µ 1,I , µ 2 , µ 3 , µ 4,I } I=1,...,N −1 [7, 8, 39] . The Coulomb parameters a in (2.20) are related to the
Remark 3.1 (U(1) factor). The U(N) instanton partition function (2.20) contains a U(1) factor coming from the Heisenberg algebra H in the algebra A(N, n; p). To obtain it, we need to impose the traceless condition N I=1 a I = 0 (3.10) Then, following [1, 7, 8, 11, 16] , we find an overall U(1) factor for general N and n in the instanton partition function (2.20) ,
In Appendix A, we confirm the above parameter relations and the U(1) factor by checking some AGT correspondences.
By analogy with known minimal model CFTs, we propose that, in the W para N,n (p, p + n)-minimal models, the momenta should take the degenerate values
where r = (r 1 , . . . , r N −1 ) and s = (s 1 , . . . , s N −1 ) are sets of positive integers with
and, for later convenience, we define
Remark 3.2 (Free field realization). We check our normalization conventions by focusing on the well-understood n = 1 CFT with W N symmetry. In this case, one can introduce the energymomentum tensor by
where : · · · : is the normal ordered product, 16) are N free chiral bosons with
and g s is introduced as a mass parameter just for a convention. Then, the Virasoro central charge
which is the one in (3.3) for n = 1, is obtained. One can also introduce the primary field with momenta µ by
which has the conformal dimension 20) under the action of the energy-momentum tensor (3.15) . For example, when N = 2 with the
, the conformal dimension of the primary field with degenerate momentum 2µ r,s = −(r − 1)
We assume that there exist similar free field realizations for general n, and the central charge and For the rational Ω-background (3.2), i.e. p ǫ 1 + p ′ ǫ 2 = 0, p ≥ N, we see that the instanton partition function (2.20) with N I=1 a I = 0 has poles at the values a I = a r,s
of the Coulomb parameters (3.9) corresponding to the degenerate momenta (3.12) (see (4.5)).
These poles correspond to the propagation of null-states and need to be removed. Taking a shift of the central U(1) factor in the U(N) gauge symmetry, from (2.1) and (2.3), into account, the integral charges σ I assigned to a I are related to r and s by
We refer the conditions (4.2) as charge conditions. Proposition 4.1. If the following conditions for an N-tuple of coloured Young diagrams Y σ , which are referred to as the Burge conditions,
I+1,i+r I −1 − s I + 1, I = 1, . . . , N,
are satisfied, the instanton partition function (2.20) at a I = a r,s I , in the background p ǫ 1 + p ′ ǫ 2 = 0,
Proof. We follow the proof of [21] for n = 1 (see also [19, 20] 
Because E r,s I,I ( ) = 0 for ∈ Y I , to find ∈ Y I which satisfies (4.5) we only need to consider the case (i) I > J and case (ii) I < J.
Let d = gcd(p, p ′ ), p = d p d and p ′ = d p ′ d , then the zero-condition (4.7) is equivalent to
where γ is an indeterminate integer. For
imply that an obvious condition for any Young diagrams,
For the above zero-conditions, ∈ Y I+ℓ needs to be restricted by the Z n condition like (2.19)
By the charge conditions (4.2) and the zero-conditions (4.8), the Z n condition (4.11) yields
where the indeterminate integer γ d should be γ d ≥ 0 by A Y I+ℓ ( ) ≥ 0 and (3.13). As a result, the zero-condition (4.10) yields
I+ℓ,I ( ) + δ = 0. These non-zero conditions follow from the ones for γ d = 0 and δ = 0:
All these non-zero conditions (4.15) for 1 ≤ ℓ ≤ N − I are obtained from the ones for ℓ = 1, i.e.
we arrive at the strongest non-zero conditions among them as 
where we have used (4.12) obtained from the Z n condition. From A Y I ( ) ≥ 0 and (3.13), the indeterminate integer γ d should be γ d ≥ 1. As in (4.10), these conditions yield a zero-condition
are satisfied, there does not exist ∈ Y I such that E r,s I,I+ℓ ( ) + δ = 0. Among the non-zero conditions (4.20) , the strongest ones are γ d = 1 and δ = 0:
In particular, for ℓ = N − I, one obtains
which is the transposed Burge condition for I = N in (4.4). Combining this condition with the non-zero conditions derived in the case (i), one obtains the transposed Burge conditions (4.4). It is straightforward to see that the conditions (4.4) are stronger than the non-zero conditions (4.21).
Following Section 4.10 of [19] , one finds that the transposed Burge conditions (4.4) are equivalent to the Burge conditions (4.3). This completes the proof of Proposition 4.1.
t-refined reduced characters and sl(n) N WZW characters
In this and in subsequent sections, we concentrate on the case of p = N in the algebra A(N, n; p).
This choice of parameters trivializes the coset factor, and we obtain A(N, n; N) = H ⊕ sl(n) N 7 .
In this case, imposing the Burge conditions in Proposition 4.1 on the characters and instanton partition functions, the sl(n) N WZW characters and conformal blocks emerge. In this section we discuss the characters 8 , and the instanton partition functions are discussed in Section 6.
5.1. U(1) t-refined character. Consider the characters for U(1) instantons on C 2 /Z n . In this case, the coset factor in the algebra (3.1) is absent for generic p (generic Ω-background), i.e. A(1, n; p) = H ⊕ sl(n) 1 , an algebra whose highest-weight representations have no null-states, so there are no Burge conditions to impose. Subtracting the Heisenberg factor H, whose character is χ H (q) = (q; q) −1 ∞ in (2.9), from the algebra A(1, n; p) = H ⊕ sl(n) 1 , we introduce a t-refined character, with fugacities t = (t 1 , . . . , t n−1 ), labeled by a charge σ ∈ {0, 1, . . . , n − 1}. 7 When p = N , the central charge c(W para N,n ) = 0 in (3.3). 8 Without the Burge conditions, the characters correspond to the partition functions of N = 4 topologically twisted U (N ) supersymmetric gauge theories [36, 41] . A description of the characters/WZW characters in terms of 'orbifold partitions', and a realization in terms of intersecting D4 and D6-branes can be found in [42, 43] .
Definition 5.1 (N = 1 t-refined character). The N = 1 t-refined character is defined by
In the second equality, (2.11) was used.
The affine version of the notation of Section 3.2 for the affine A n−1 root space. Using the orthogonal basis {e 1 , . . . , e n } and e 0 = n i=1 e i , the affine A n−1 simple roots and the affine A n−1 fundamental weights are, respectively,
Here the null root δ and the basic fundamental
where the Virasoro generator L 0 and the sl(n) current
An explicit formula for the sl(n) N WZW character is given by the Weyl-Kac character formula in Proposition 5.11.
we arrive at the following proposition.
Proposition 5.3 ( sl(n) 1 WZW character). The N = 1 t-refined character (5.1) can be rewritten as
and agrees with the sl(n) 1 WZW character (5.4) of highest-weight Λ σ as
where (5.5) now becomes,
Example 5.4 (N = 1, n = 2). For n = 2, Proposition 5.3 says
Remark 5.5 (Principal specialization). In the formula (5.6), the q-shift factor
is understood as the principal grading in the sl(n) N WZW character (5.4):
where a normalization factor in (5.7) (and (5.21) for general N) is introduced, and an explicit formula is given in Corollary 5.12.
Example 5.6 (Principal sl(n) 1 WZW character). Proposition 5.3 and Corollary 5.12 give 
are parametrized by the positive integers s = (s 1 , . . . , s N −1 ) and
We now introduce a reduced version of the characters χ (σ;δk) (q) in (2.8) by imposing the Burge conditions above as Similarly to (5.1), we define a t-refined reduced character, with fugacities t = (t 1 , . . . , t n−1 ), labeled by the non-negative integers N = [N 0 , . . . , N n−1 ], n−1 σ=0 N σ = N in (2.4).
Definition 5.8 (SU(N) t-refined reduced character). The SU(N) t-refined reduced character, which is reduced by imposing the specialized Burge conditions (5.14), is defined by
Here, for a choice of N the ordered charges σ 1 ≥ . . . ≥ σ N are uniquely fixed, and by (5.18) s I = s * I are also fixed. The set c i is related to the set δk by the Chern conditions (2.6).
As a natural generalization of Proposition 5.3 for N ≥ 2, we find that Theorem 1.2 in [27] , which was first conjectured in the context of solvable lattice models in statistical mechanics [44] , is translated into the following proposition.
Proposition 5.9 (Combinatorial sl(n) N WZW character formula [27] ). The t-refined reduced character (5.19) agrees with the sl(n) N WZW character (5.4) of level-N dominant integral highest-
Remark 5.10. Propositions 5.3 and 5.9 say that the integers c i in the first Chern class on the gauge side are identified with the eigenvalues of sl(n) N currents H i on a module |N ; δk specified by N and δk,
A i j δk j , i = 0, 1, . . . , n − 1, (5.22) where A is the affine Cartan matrix of type A n−1 .
In Section 7, we give examples of Proposition 5.9 for (N, n) = (2, 2), (2, 3) and (3, 2) by comparing with the sl(n) N WZW characters computed using the following proposition.
Proposition 5.11 (Weyl-Kac character formula [45] , see also Appendix B.2 in [46] ). The sl(n) N WZW character of level-N dominant integral highest-weight
and µ i = n−1 j=i d j , and x i are related to t ′ i by
where A is the Cartan matrix of type A n−1 .
By the principal specialization in Remark 5.5, the following corollary of Propositions 5.9 and 5.11
is proved [46] . (5) and (12) in [46] ). The t-refined reduced character (5.19) at t i = 1 (see Remark 5.5),
where ω 1 ω 2 · · · ω n+N is a binary word of length n + N, associated with N , and defined by , N i = δ i,σ . Following Remark 5.10, the corresponding module in sl(n) 1 is the highest-weight module with Λ = Λ σ . We define
and make the following conjecture. Conjecture 6.1. The U(1) instanton partition function (6.1) on C 2 /Z n with b ′ = b and N i = δ i,0 is
is the conformal dimension of the highest-weight module |N b in the sl(n) 1 WZW model. The first factor is the U(1) factor Z H (m, m ′ ; q) in (3.11) for N = 1, and the second factor is the 2-point function of sl(n) 1 WZW primary fields with integrable representation Λ = Λ b . 
is expected to describe a minimal model CFT whose momenta take values in the degenerate momenta (3.12) for r I = 1,
parametrized by positive integers s = (s 1 , . . . , s N −1 ), with N −1 I=1 s I ≤ N + n − 1, and 
where the parameters s 1,N and s 2,N in (6.8) are not constrained. By relabeling the labels I of the boundary charges, we order them as 
where, for a choice of N the ordered charges σ 1 ≥ . . . ≥ σ N are uniquely fixed, and s I = s * I = σ I − σ I+1 + 1 in (5.18), are determined. Then, the Coulomb parameters a s * = (a s * 1 , . . . , a s * N ) are determined by (6.5). Similarly, for fixed ordered boundary charges b We represent the reduced instanton partition function (6.11), graphically, as
We also represent (6.14) schematically by
The representations B c and B ′ c of the remaining two of the four external primary fields need to be taken so that they respect the fusion rules, which apply from right to left in (6.14), of the sl(n) N WZW model when N , b and b ′ are fixed (see e.g. Chapter 16 of [47] ). Then, the choice of the labels δk on the left hand side of (6.14), which indicate the states of internal channel following Remark 5.10, is also restricted by the fusion rules of B ′ and B ′ c . Remark 6.4 (Fixing the remaining parameters s 1,N , s 2,N ). In Remark 6.2, the parameters s 1,I and s 2,I , I = 1, . . . , N − 1, were fixed using the boundary charge conditions. In the following, we fix the remaining parameters s 1,N , s 2,N using the fusion rules. Let b c = (b c,1 , . . . , b c,N ) and b ′ c = (b ′ c,1 , . . . , b ′ c,N ) be Z n boundary charges associated with B c and B ′ c , respectively. We propose that they satisfy the same type of boundary charge conditions with (6.9) as s c,
for the (mass) parameters s c,I and s ′ c,I in (6.8). As a result, these boundary charges are 11 In (6.11), we have subtracted the U (1) factor Z H m s * 1 , m ′ s * 2 ; q . If this factor is included, gl(n) N WZW conformal blocks should be obtained.
Here s = (2, 1, . . . , 1), s 1 = (1, . . . , 1, n) and s 2 = (1, . . . , 1, 2) are fixed by (5.18), (6.10) and 
Here, by (5.18), (6.10) and (6.15), for (6.18) the parameters s = (1, . . . , 1), s 1 = (2, 1, . . . , 1, 2) and s 2 = (n, 1, . . . , 1, 2) are fixed, and for (6.19) the parameters s = (n − 1, 2, 1, . . . , 1), s 1 = where, when n = 2, [N − 2, 1, 0, . . . , 0, 1] means [N − 2, 2] = and then σ = (1, 1, 0, . . . , 0) . 7 . Examples of SU(N) reduced instanton counting on C 2 /Z n We illustrate the statement of Proposition 5.9 and check Conjectures 6.5, 6.6 and 6.7 for (N, n) = (2, 2), (2, 3) and (3, 2) . In particular we demonstrate how one can extract their sl(n) N WZW conformal blocks from the reduced instanton partition functions. 
where t ′ = q − 1 2 t,
χ even (q) = 1 + q + 3q 2 + 5q 3 + 10q 4 + 16q 5 + 28q 6 + 43q 7 + 70q 8 + 105q 9 + 161q 10 + · · · , χ odd (q) = q and
The characters (7.3) agree with the sl(2) 2 WZW characters computed by (5.23), (7.6) and Proposition 5.9 is confirmed. Using the Jacobi triple product identity 13 The computations in this section heavily rely on Mathematica. We have also checked Conjectures 6.5, 6.6 and 6.7 for (N, n) = (2, 4) up to O(q 5 ).
we can also confirm Corollary 5.12 for the principal characters of sl(2) 2 ,
Remark 7.1. Using the above notation, the characters in Example 2.3 can be written as
By comparing these characters with the reduced characters in (7.3), we see that the Burge conditions indeed trivialize the characters in N = 1 super-Virasoro algebra as χ even (q) = 1, χ odd (q) = 0, (i.e. χ NS (q) = 1 and χ R (q) = 1). More precisely, we see that 2 χ even (q) χ odd (q) means χ even (q) χ odd (q) + χ odd (q) χ even (q) and the first factor in each term describes the NS sector characters.
7.1.2. Reduced instanton partition functions. For N = 2 with general n, the reduced instanton partition functions (6.11) are determined by the parameters s, s 1 = (s 1,1 , s 1,2 ) and s 2 = (s 2,1 , s 2,2 ), which take values in {1, . . . , n}, fixed in (5.18), (6.10):
and (6.15) from the ordered charges
The Coulomb parameters are then determined from the parameter s by (6.5): 11) and the mass parameters m = (m 1 , m 2 ) and m ′ = (m ′ 1 , m ′ 2 ) are determined from the parameters s 1 and s 2 , respectively, by (6.6).
Let us consider the case of (N, n) = (2, 2) with the rational Ω-background ǫ 1 /ǫ 2 = −2 in (6.4). 14 and take ℓ = 0 in the fundamental chamber, which respects the fusion rules, as in Conjecture 6.5.
Here the parameters s = 1, s 1 = (1, 1) and s 2 = (1, 1) are fixed. Then, the reduced instanton partition function is obtained as (7.12) and Conjecture 6.5 is confirmed. (q) and take ℓ = 0 in the fundamental chamber as in Conjecture 6.6. Here the parameters s = 2, s 1 = (1, 2) and s 2 = (1, 2) are fixed. Then we see that the reduced instanton partition function is where h = 3/16, and Conjecture 6.6 is confirmed. where h = 3/16, and the second one respects the fusion rules by (6.20) . Consider, next, the reduced instanton partition function Z (1, 0) [2,0;−1] (q), (7.15) where the second one respects the fusion rules by (6.20) . The above results (7.14) and (7.15) support Conjecture 6.7. By 16) they are also consistent with the results in [14] by Belavin and Mukhametzhanov. 15 15 More precisely, in [14] , the generic Ω-background, without the Burge conditions, was discussed. Then the first one of (7.14) and the second one of (7.15), with c = 0, were obtained as prefactors combined with the N = 1 super-Virasoro Ramond conformal blocks H ± (q), F ± (q), H ± (q) and F ± (q). What we found is that, when we impose the specific Burge conditions, the conformal blocks are trivialized as H ± (q) = F ± (q) = 1 and H ± (q) = F ± (q) = 0, and only the prefactors are obtained. 
The t-refined reduced characters (5.19) for (N, n) = (2, 3) are obtained as 20) and f 00 , f 10 , f 01 , g 00 , g 10 , g 01 are where h = 4/15, and the second one respects the fusion rules by (6.20) . Consider, next, the reduced instanton partition function Z and
The characters (7.30) agree with the sl (2) 
when the ordered charges
The Coulomb parameters are then determined from s by (6.5): 36) and the mass parameters m = (m 1 , . . . , m N ) and m ′ = (m ′ 1 , . . . , m ′ N ) are determined from the parameters s 1 and s 2 , respectively, by (6.6).
We now consider the case of (N, n) = (3, 2) with the rational Ω-background ǫ 1 /ǫ 2 = −5/3 in (6.4). 17 and take ℓ = 0 in the fundamental chamber, which respects the fusion rules, as in Conjecture 6.5.
Here the parameters s = (1, 1), s 1 = (1, 1, 1) and s 2 = (1, 1, 1) are fixed. Then we see that the reduced instanton partition function is
and Conjecture 6.5 is confirmed. where h = 3/20, and Conjecture 6.6 is confirmed. where h = 3/20, and the second one respects the fusion rules by (6.20 where the second one respects the fusion rules by (6.20). The above results (7.39) and (7.40) support Conjecture 6.7.
Summary of results and remarks
8.1. Summary of results. The point of this paper is to compute conformal blocks in integral-level WZW models. Starting from the SU(N) instanton partition functions on C 2 /Z n , with rational Ω-deformation, based on the algebra A(N, n; p) in (1.1), we proposed (in Conjectures 6.5, 6.6 and 6.7) a way to compute integral-level, integrable sl(n) N WZW conformal blocks, with rational central charges, where one has to deal with the issue of null states. By considering a rational Ωbackground ǫ 1 ǫ 2 = −1 − n N in (6.4) and imposing appropriate Burge conditions in (5.14) to eliminate the null states, we trivialized the coset factor in the algebra A(N, n; N) as in (1.4), and were left with an integral-level WZW model. Further, we showed, in Remark 5.10, that the first Chern class (2.5) of the gauge bundle, which labels the instanton partition functions on the gauge side, can be interpreted as the eigenvalues of sl(n) N currents on the CFT side. 8.2. The work of Alday and Tachikawa. In [48] , Alday and Tachikawa, using results from [49, 50, 51, 52] , as well as AGT, found that SU(2) instanton partition functions on (z 1 , z 2 ) ∈ C 2 with generic Ω-deformation, and in the presence of a full surface operator at z 2 = 0, agree with sl(2) conformal blocks that are modified by a K-operator insertion, at generic-level k = −2 − ǫ 2 ǫ 1 . A generalization to the relation between SU(N) instanton partition functions in the presence of a full surface operator and modified sl(N) conformal blocks at generic-level k = −N − ǫ 2 ǫ 1 , was proposed in [53] .
In analogy with the moduli space of U(N) instantons on C 2 /Z n without surface operators described in Section 2, to describe the moduli space of U(N) instantons on C 2 in the presence of a full surface operator, one can use the moduli space of U(N) instantons on C × (C/Z N ) [51, 54, 55] . Unlike the sl(n) N conformal blocks discussed in our work, these conformal blocks are at generic-level, and modified by the K-operator insertion. were obtained in [28] (see also [47] ), as solutions to the Knizhnik-Zamolodchikov equation, as 
1 (q) := z 2h n F
2 (q) := z 2h n F
